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Barnes $\zeta_{r}(s, z|\underline{\omega})$ $\omega_{0}$




bilateral $z,$ $\omega_{0},\omega_{1},$ $\cdots,\omega_{r}$
Fourier
$\xi_{r+1}(s, z|e^{\pi i};\underline{\omega})=\frac{e^{-\frac{\pi}{2}is}(2\pi)^{s}}{\Gamma(s)}\sum_{n=1}^{\infty}\frac{n^{s-1}e^{2\pi inz}}{(1-e^{2\pi in\omega_{1}})\cdots(1-e^{2\pi in\omega_{r}})}.$















$\ovalbox{\tt\small REJECT}:=(\omega_{1}, \cdots, \omega_{r})\in \mathbb{C}^{r}.$
Barnes
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Definition 2.1. $r\in \mathbb{Z}\geq 0,$ $s,$ $z,\omega_{0},\omega_{1},$ $\cdots,\omega_{r}\in \mathbb{C}$ $r+1$ Barnes
$\zeta_{r+1}(s, z|\omega_{0}, \underline{\omega})$
$\zeta_{r+1}(s, z|\omega_{0}, \underline{\omega});=\sum$ (2.1)$m o\geq 0\sum_{m_{1},\cdots,m_{r}\geq 0}\frac{1}{(z+m_{0}\omega_{0}+m_{1}\omega_{1}+\cdots+m_{r}\omega_{r})^{s}}.$
$\Re(s)>r+1$ $z,$ $\omega_{0},\underline{\omega}$ ([OC])
max$\{$arg(z), $\arg(\omega_{0}),$ $\arg(\omega_{1}),$ $\cdots,$ $\arg(\omega_{r})\}$
$- \min\{\arg(z), \arg(\omega_{0}), \arg(\omega_{1}), \cdots, \arg(\omega_{r})\}<\pi.$
Barnes $z,$ $\omega_{0},\underline{\omega}$ (one-side condi-
tion[OC] $)$
$\zeta_{0}(s, z):=z^{-s}$ . (2.2)
bilateral
Definition 2.2. $\Re(s)>r+1,0<\arg(\omega 0)\leq\pi$ $z$ $\omega_{0},\underline{\omega}$
(strong one-side condition[SOC])
$0\leq\arg(z)\leq\pi, 0<\arg(\omega_{j})<\pi(1\leq j\leq r)$ .
$r+1$ bilateral $\xi_{r+1}(s, z|\omega_{0};\underline{\omega})$
$\xi_{r+1}(S, Z|\omega o|\underline{\omega}):=\zeta_{r+1}(S, Z+\omega_{0}|\omega_{0}, \underline{\omega})+\zeta_{r+1}(S, Z|-\omega_{0}, )$ $($ 2.3 $)$
$= \sum \sum \frac{1}{(z+m_{0}\omega_{0}+m_{1}\omega_{1}+\cdots+m_{r}\omega_{r})^{s}}$
$m0\in \mathbb{Z} m_{1},\cdots,m_{r}\geq 0$
$= \sum\zeta_{r}(s, Z+m_{0}\omega_{0}|\underline{\omega})$ .
$m0\in \mathbb{Z}$
bilateral $z,\omega_{0},\underline{\omega}$ (strong one-side
condition$[S0C])$
3 Properties of the Barnes and bilateral zeta functions
Barnes bilateral
Proposition 3.1. ( ) (1) $r+1$ $\zeta_{r+1}(s, z|\omega_{0}, \underline{\omega})$ $s$
$s$ $\zeta_{r+1}(s, z|\omega_{0}, \underline{\omega})$ $s=$
$1,2,$ $\cdots,$ $r+1$
(2) bilateral $r+1$ $\xi_{r+1}(s, z|\omega_{0};\underline{\omega})$ $s$ $s$
188
Proposition 3.2. ( ) (1) $k=1,$ $\cdots,$ $r$
$\zeta_{r}(s, z+\omega_{k}|\underline{\omega})=\zeta_{r}(s, z|\underline{\omega})-\zeta_{r-1}(s, z|\hat{\underline{\omega}}(k))$. (3.1)
$\hat{\underline{\omega}}(j):=(\omega_{1}, \cdots,\hat{\omega}_{j}, \cdots, \omega_{r})$ .
(2) bilateral $r+1$ $\xi_{r+1}$ $\omega_{0}$
$\xi_{r+1}(\mathcal{S}, Z+\omega_{0}|\omega_{0};\underline{\omega})=\xi_{r+1}(s,z|\omega_{0};\underline{\omega})$ . (3.2)
$k=1,$ $\cdots,$ $r$
$\xi_{r+1}(s, z+\omega_{k}|\omega 0; ) =\xi_{r+1}(s, z|\omega_{0};\underline{\omega})-\xi_{r}(s, z|\omega 0;\hat{\underline{\omega}}(k))$. (3.3)
Proposition 3.3. ( ) (1) $\alpha\in \mathbb{C}^{*}$
$-\pi<\arg(\alpha)+\arg(z) , \arg(\alpha)+\arg(\omega_{j})\leq\pi(1\leq j\leq r)$ ,
$\zeta_{r}(s, \alpha z|\alpha\underline{\omega})=\alpha^{-s}\zeta_{r}(s, z|\underline{\omega})$ . (3.4)
(2) $\alpha\in \mathbb{C}^{*}$
$0<\arg(\alpha)+\arg(z) , \arg(\alpha)+\arg(\omega_{j})\leq\pi(1\leq j\leq r)$ ,
$\xi_{r+1}(s, \alpha z|\alpha\omega_{0};\alpha\underline{\omega})=\alpha^{-s}\xi_{r+1}(s, z|\omega_{0};\underline{\omega})$ . (3.5)
Proposition 3.4. ( ) (1) Bernoulli $B_{r,k}(z|\underline{\omega})$
$\frac{t^{r}e^{zt}}{(e^{\omega_{1}t}-1)\cdots(e^{\omega_{r}t}-1)}=\sum_{k=0}^{\infty}B_{r,k}(z|\underline{\omega})\frac{t^{k}}{k!}.$
$m\in \mathbb{N}$
$\zeta_{r}(1-m, z|\underline{\omega})=(-1)^{r}\frac{(m-1)!}{(m+r-1)!}B_{r,r+m-1}(z|\underline{\omega})$ . $()$ . (3.6)
(2) $m\in \mathbb{N}$
$\xi_{r+1}(1-m, z|\omega_{0};\underline{\omega})=0. (m\in \mathbb{N})$ . (3.7)
Remark 3.5. Barnes 19 20 Barnes






4 Fourier expansion and inversion expression
4.1 Fourier expansion of the bilateral zeta function
$\xi_{r+1}(s, z|e^{\pi i};\underline{\omega})$ Fourier
Theorem 4.1. $z,$ $\omega_{1},$ $\cdots,$ $\omega_{r}\in \mathfrak{H}$ $s\in \mathbb{C}$
$\xi_{r+1}(s, z|e^{\pi i};\underline{\omega})=\frac{e^{-\frac{\pi}{2}is}(2\pi)^{s}}{\Gamma(s)}\sum_{n=1}^{\infty}\frac{n^{s-1}e^{2\pi inz}}{(1-e^{2\pi im_{1}})\cdots(1-e^{2\pi in\omega_{r}})}$ . (4.1)
$\cot(\pi z)$ Lipschitz




Corollary 4.2. $z,$ $\omega_{1},$ $\cdots,$ $\omega_{r}\in \mathfrak{H}$ $m\in \mathbb{N}$
$\frac{\partial\xi_{r+1}}{\partial s}(1-m, z|e^{\pi i};\underline{\omega})=\frac{(m-1)!}{(2\pi i)^{m-1}}\sum_{n=1}^{\infty}\frac{e^{2\pi inz}}{n^{m}(1-e^{2\pi in\omega_{1}})\cdots(1-e^{2\pi in\omega_{r}})}$. (4.3)
$z,$ $\omega_{1},$ $\cdots,$ $\omega_{r}\in \mathfrak{H}$
$\exp(-\frac{\partial\xi_{r+1}}{\partial s}(0, z|e^{\pi i};\underline{\omega}))=\prod_{m_{1},\cdots,m_{r}=0}^{\infty}(1-e^{2\pi i(m_{1}\omega_{1}+\cdots+m_{r}\omega_{r}+z)})$ . (4.4)
$\xi_{r+1}(S, Z|e^{\pi i};\underline{\omega})$ $0$ (3.7) (4.3)
4.2 Inversion expression
$r\in \mathbb{Z}_{\geq 2}$ $\omega_{1},$ $\cdots,$
$\omega_{r}\in \mathfrak{H}$ order condi-
tion([ORC])
$\arg(\omega_{j})<\arg(\omega_{k})(1\leq j<k\leq r)$ (4.5)
bilateral
$\xi_{r+1}(s, z|\omega_{0};\underline{\omega}):=\zeta_{r+1}(s, z+\omega_{0}|\omega_{0}, \underline{\omega})+\zeta_{r+1}(s, z|-\omega_{0}, \underline{\omega})$ ,
} $)$ $r+1$ bilateral $r+1$ $B$arnes
( ) $r$ Barnes $2r$ $r$ bilateral
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Theorem 4.3. ( )
$D:= \{z\in \mathbb{C}z=\sum_{k=1}^{r}a\omega(0<a_{1}, \cdots, a_{r}<1)\}.$
$z_{k}:=z/\omega_{k},$
$\omega_{jk}:=\omega_{j}/\omega_{k},$
$c\underline{\omega}:=(c\omega_{1}, \cdots, c\omega_{r})(c\in C)$ ,
$\underline{\hat{\omega}}_{k}^{-}[1, k-1] := (-\omega_{1,k}, -\omega_{2,k}, \cdots , -\omega_{k-1,k,k+1,k}\omega, \cdots,\omega_{r,k})$,
$|\underline{\omega}_{k}|_{[1,k-1]}^{+}:=\omega_{1,k}+\cdots+\omega_{k-1,k},$
$|\underline{\omega}_{k}|_{[k+1,r]}^{+}:=\omega_{k+1,k}+\cdots+\omega_{r,k}.$
$z\in D$ $S\in \mathbb{C}$
$\zeta_{r}(s, z|\underline{\omega})=\frac{1}{2i\sin(\pi s)}$
. $\{\sum_{k=1}^{r}(-1)^{k-1}(\frac{e^{\pi i}}{\omega_{k}})^{s}\xi_{r}(s, zk-|\underline{\omega}_{k}|_{[1,k-1]}^{+}|e^{\pi i};\underline{\hat{\omega}}_{k}^{-}[1, k-1])$
$- \sum_{k=1}^{r}(-1)^{r-k}(\frac{1}{\omega_{k}})^{s}\xi_{r}(s, -z_{k}+|\underline{\omega}_{k}|_{[k+1,r]}^{+}|e^{\pi i};\underline{\hat{\omega}}_{k}^{-}[1, k-1])\}$ . (4.6)
Example 4.4 $(r=2)$ .
$\zeta_{2}(s, z|\omega_{1}, \omega_{2})=\frac{1}{2i\sin(\pi s)}$
. $\{\{\xi_{2}(s, -z|\omega_{1};-\omega_{2})-\xi_{2}(s, \omega_{1}-z|\omega_{2};\omega_{1})\}$
$+e^{-\pi\acute{\iota}s}\{\xi_{2}(s, z-\omega_{2}|\omega_{1};-\omega_{2})-\xi_{2}(s, z|\omega_{2};\omega_{1})\}\}$
$= \frac{1}{2i\sin(\pi s)}$
. $\{\{(\frac{e^{\pi i}}{\omega_{1}})^{S}\xi_{2}(s, z_{1}|e^{\pi i};\omega_{2,1})-(\frac{e^{\pi i}}{\omega_{2}})^{8}\xi_{2}(s, z_{2}-\omega_{1,2}|e^{\pi i};-\omega_{1,2})\}$
$+ \{(\frac{1}{\omega_{1}})^{s}\xi_{2}(s, -z_{1}+\omega_{2,1}|e^{\pi i};\omega_{2,1})-(\frac{1}{\omega_{2}})^{s}\xi_{2}(s, -z_{2}|e^{\pi i};-\omega_{1,2})\}\}.$
Remark 4.5. $r=1$ $\omega_{1}\in \mathfrak{H},$ $\Re(s)<0,$ $z=a\omega_{1}(0<a<1)$
$\zeta_{1}(s, z|\omega_{1})=\frac{1}{2i\sin(\pi s)}\{\xi_{1}(s, z|\omega_{1})-e^{-\pi is}\xi_{1}(s, -z|\omega_{1})\}$
$= \frac{1}{2i\sin(\pi s)}\{(\frac{e^{\pi i}}{\omega_{1}})^{s}\xi_{1}(s, z_{1}|e^{\pi i})-(\frac{1}{\omega_{1}})^{S}\xi_{1}(s, -z_{1}|e^{\pi i})\}.$






$f_{+}(s, z|\underline{\omega}):=\zeta_{r}(s, -z|-\underline{\omega})+(-1)^{r-1}\zeta_{r}(s, |\underline{\omega}|^{+}-z|\underline{\omega})$ ,
$f_{-}(s, z|\underline{\omega}):=\zeta_{r}(s, z|\underline{\omega})+(-1)^{r-1}\zeta_{r}(s, z-|\underline{\omega}|^{+}|-\underline{\omega})$ .
(1) $z\in D\cup D+$ $s\in \mathbb{C}$
$f_{+}(s, z| \underline{\omega})=\sum_{k=1}^{r}(-1)^{k-1}(\frac{e^{\pi i}}{\omega_{k}})^{s}\xi_{r}(s, z_{k}-|\underline{\omega}_{k}|_{[1,k-1]}^{+}|e^{\pi i};\underline{\hat{\omega}}_{k}^{-}[1, k-1])$ . (4.7)
(2) $z\in D\cup D_{-}$ $s\in \mathbb{C}$
$f_{-}(s, z| \underline{\omega})=\sum_{k=1}^{r}(-1)^{r-k}(\frac{e^{\pi i}}{\omega_{k}})^{s}\xi_{r}(s, -z_{k}+|\underline{\omega}_{k}|_{[k+1,r]}^{+}|e^{\pii};\underline{\hat{\omega}}_{k}^{-}[1, k-1])$. (4.8)
$r=3$
Proof. (1) $z\in D\cup D+$ $f_{+}(s, z|\underline{\omega})$
Barnes bilateral
$f_{+}(s, z|\underline{\omega})(=\zeta_{3}(s, -z|-\omega_{1}, -\omega_{2}, -\omega_{3})+\zeta_{3}(s, |\underline{\omega}|^{+}-z|\underline{\omega}))$
$=\{\zeta_{3}(s, -z|-\omega_{1}, -\omega_{2}, -\omega_{3})+\zeta_{3}(s, \omega_{1}-z|\omega_{1}, -\omega_{2}, -\omega_{3})\}$
$-\{\zeta_{3}(s, \omega_{1}-z|\omega_{1}, -\omega_{2}, -\omega_{3})+\zeta_{3}(s,\omega_{1}+\omega_{2}-z|\omega_{1}, \omega_{2}, -\omega_{3})\}$
$+\{\zeta_{3}(s, \omega_{1}+\omega_{2}-z|\omega_{1}, \omega 2, -\omega_{3})+\zeta_{3}(s$ , $+_{-z1\underline{\omega})\}}$
$=\xi_{3}(s, -z|\omega_{1};-\omega_{2}, -\omega_{3})-\xi_{3}(s, \omega_{1}-z|\omega_{2};\omega_{1}, -\omega_{3})+\xi_{3}(s, \omega_{1}+\omega_{2}-z|\omega_{3};\omega_{1}, \omega_{2})$
$=( \frac{e^{\pi i}}{\omega_{1}})^{s}\xi_{3}(s, z_{1}|e^{\pi i};\omega_{21}, \omega_{31})-(\frac{e^{\pi i}}{\omega_{2}})^{S}\xi_{3}(s, z_{2}-\omega_{12}|e^{\pi i};-\omega_{12}, \omega_{32})$
$+( \frac{e^{\pi i}}{\omega_{3}})^{s}\xi_{3}(s, z_{3}-\omega_{13}-\omega_{23}|e^{\pi i};-\omega_{13}, -\omega_{23})$ .
$z\in D\cup D+$ $\omega_{k}$ [ORC]
$B$arnes bilateral $[OC]$ $[SOC]$
well-defined bilateral (3.5)
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(2) $f_{-}(s, z|\underline{\omega})$ $z\in D\cup D_{-}$ $(s, z|\underline{\omega})$ Barnes
$f_{-}(s, z|\underline{\omega})(=\zeta_{3}(s, z|\omega_{1}, \omega_{2}, \omega_{3})+\zeta_{3}(s, z-|\underline{\omega}|^{+}|-\underline{\omega}))$
$=\{\zeta_{3}(\mathcal{S}, z|\omega_{1}, \omega_{2}, \omega_{3})+\zeta_{3}(s, z-\omega_{3}|\omega_{1}, \omega_{2}, -\omega_{3})\}$
$-\{\zeta_{3}(s, z-\omega_{3}|\omega_{1},\omega_{2}, -\omega_{3})+\zeta_{3}(s, z-\omega_{2}-\omega_{3}|\omega_{1}, -\omega_{2}, -\omega_{3})\}$
$+\{\zeta_{3}(s, z-\omega_{2}-\omega_{3}|\omega_{1}, -\omega_{2}, -\omega_{3})+\zeta_{3}(s, z-|\underline{\omega}|^{+}|-\underline{\omega})\}$
$=\xi_{3}(s, z|\omega_{3};\omega_{1}, \omega_{2})-\xi_{3}(s, z-\omega_{3}|\omega_{2};\omega_{1}, -\omega_{3})+\xi_{3}(s, z-\omega_{2}-\omega_{3}|\omega_{1};-\omega_{2}, -\omega_{3})$
$=( \frac{e^{\pi i}}{\omega_{3}})^{8}\xi_{3}(s, -z_{3}|e^{\pi i};-\omega_{13}, -\omega_{23})-(\frac{e^{\pi i}}{\omega_{2}})^{s}\xi_{3}(s, -z_{2}+\omega_{32}|e^{\pi i};-\omega_{12}, \omega_{32})$
$+( \frac{e^{\pi i}}{\omega_{1}})^{8}\xi_{3}(s, -z_{1}+\omega_{21}+\omega_{31}|e^{\pi i};\omega_{21}, \omega_{31})$ .
Proof.
$F(s, z|\underline{\omega}):=f_{+}(s, z|\underline{\omega})-e^{-\pi is}f_{-}(s, z|\underline{\omega})$
$z\in D$ (4.7) (4.8)
$F(s, z| \underline{\omega})=\sum_{k=1}^{r}(-1)^{k-1}(\frac{e^{\pi i}}{\omega_{k}})^{s}\xi_{r}(s, z_{k}+e^{\pi i}|\underline{\omega}_{k}|_{[1,k-1]}^{+}|e^{\pi i};\underline{\hat{\omega}}_{k}^{-}[1, k-1])$
$- \sum_{k=1}^{r}(-1)^{r-k}(\frac{1}{\omega_{k}})^{8}\xi_{r}(s, e^{\pi i}z_{k}+|\underline{\omega}_{k}|_{[k+1,r]}^{+}|e^{\pi i};\underline{\hat{\omega}}_{k}^{-}[1, k-1])$.
$f_{+}(\mathcal{S}, Z|\underline{\omega})$ $f_{-}(s, z|\underline{\omega})$
$F(S, Z|\underline{\omega})=(e^{\pi is}-e^{-\pi is})\zeta_{r}(S, Z|\underline{\omega})$
$+(-1)^{r-1}(\zeta_{r}(s, |\underline{\omega}|^{+}-Z|\underline{\omega})-e^{-\piis}\zeta_{r}(s, z-|\underline{\omega}|^{+}|e^{-\pi i}\underline{\omega}))$
$=(e^{\pi is}-e^{-\pi is})\zeta_{r}(S, Z|\underline{\omega})=2i\sin(\pi s)\zeta_{r}(S, Z| )$.
Barnes Fourier
Corollary 4.$7([KMT])$ . $z\in D$ $s\in \mathbb{C}$
$\zeta_{r}(s, z|\underline{\omega})=(2\pi)^{s-1}\Gamma(1-s)$
. $\{e^{\frac{\pi}{2}i(s-1)}\sum_{k=1}^{r}\omega_{k}^{-s}\sum_{n=1}^{\infty}n^{s-1}e^{2\pi inz_{k}}\{\prod_{j\neq k}(1-e^{2\pi in\omega_{jk}})\}^{-1}$
$+e^{-\frac{\pi}{2}i(s-1)} \sum_{k=1}^{r}\omega_{k}^{-s}\sum_{n=1}^{\infty}n^{s-1}e^{-2\pi inz_{k}}\{\prod_{j\neq k}(1-e^{-2\pi in\omega_{jk}})\}^{-1}\}$ . (4.9)
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Example 4.8 $(r=2)$ .
$\zeta_{2}(s, z|\omega_{1}, \omega_{2})=\frac{1}{2i\sin(\pi s)}$
. $\{e^{\pi is}\{\omega_{1}^{-s}\xi_{2}(s, z_{1}|e^{\pi i};\omega_{2,1})-\omega_{2}^{-s}\xi_{2}(s, z_{2}-\omega_{1,2}|e^{\pi i};-\omega_{1,2})\}$
$+\{\omega_{1}^{-s}\xi_{2}(s, -z_{1}+\omega_{2,1}|e^{\pi i};\omega_{2,1})-\omega_{2}^{-s}\xi_{2}(s, -z_{2}|e^{\pi i};-\omega_{1,2})\}\}.$
$=(2\pi)^{s-1}\Gamma(1-\mathcal{S})$
. $\{e^{\frac{\pi}{2}i(s-1)}\sum_{n=1}^{\infty}n^{s-1}\{\omega_{1}^{-s}\frac{e^{2\pi inz_{1}}}{1-e^{2\pi in\omega_{2,1}}}+\omega_{2}^{-s}\frac{e^{2\pi inz_{2}}}{1-e^{2\pi in\omega_{1,2}}}\}$
$+e^{-\frac{\pi}{2}i(s-1)} \sum_{n=1}^{\infty}n^{s-1}\{\omega_{1}^{-s}\frac{e^{-2\pi inz_{1}}}{1-e^{-2\pi in\omega}2,1}+\omega_{2}^{-s}\frac{e^{-2\pi inz2}}{1-e^{-2\pi in\omega_{1,2}}}\}\}$
Remark 4.9. $r=1$ $\Re(s)<0$ and $z=a\omega_{1}(0<a<1)$
$\zeta_{1}(s, z|\omega_{1})=\frac{1}{2i\sin(\pi s)}$
. $\{(\frac{e^{\pi i}}{\omega_{1}})^{S}\xi_{1}(s, a|e^{\pi i})-(\frac{1}{\omega_{1}})^{s}\xi_{1}(s, -a|e^{\pi i})\}$
$=(2\pi)^{s-1}\Gamma(1-s)\omega_{1}^{-s}$





5.1 Multiple Iseki’s formula
Proposition 5.1. $N\in \mathbb{Z}\geq 0$ $z\in D$
$(-1)^{r+1} \pi i\frac{(2N)!}{(2N+r)!}B_{r,r+2N}(z|\underline{\omega})$
$+ \frac{(-1)^{N}(2N)!}{(2\pi)^{2N}}\sum_{k=1}^{r}\omega_{k}^{2N}\sum_{n=1}^{\infty}\frac{e^{2\pi inz}k}{n^{2N+1}}\prod_{j=1,j\neq k}^{r}(1-e^{2\pi in\omega_{jk}})^{-1}$
$=(-1)^{r} \pi i\frac{(2N)!}{(2N+r)!}B_{r,r+2N}(z|\underline{\omega})$
$+ \frac{(-1)^{N}(2N)!}{(2\pi)^{2N}}\sum_{k=1}^{r}\omega_{k}^{2N}\sum_{n=1}^{\infty}\frac{e^{-2\pi inz}k}{n^{2N+1}}\prod_{j=1,j\neq k}^{r}(1-e^{-2\pi in\omega_{jk}})^{-1}$ . (5.1)
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Proof. $f(s, z|\underline{\omega})$ $:=\zeta_{r}(s, z|\underline{\omega})+(-1)^{r-1}\zeta_{r}(s, |\underline{\omega}|^{+}-z|\underline{\omega})$ Barnes
(3.4)
$f(s, z|\underline{\omega})=e^{-\pi is}\zeta_{r}(s, -z|-\underline{\omega})+(-1)^{r-1}\zeta_{r}(s, |\underline{\omega}|^{+}-z|\underline{\omega})$
$=\zeta_{r}(s, z|\underline{\omega})+(-1)^{r-1}e^{-\pi is}\zeta_{r}(s, z-|\underline{\omega}|^{+}|-\underline{\omega})$ .
$\frac{\partial f}{\partial s}(-2N, z|\underline{\omega})=-\pi i\zeta_{r}(-2N, -z|-\underline{\omega})+\frac{\partial f+}{\partial s}(-2N, z|\underline{\omega})$
$=- \pi i(-1)^{r-1}\zeta_{r}(-2N, z-|\underline{\omega}|^{+}|-\underline{\omega})+\frac{\partial f_{-}}{\partial s}(-2N, z|\underline{\omega})$ .
$z\in D$ (4.7) (4.8), (4.3)
Remark 5.2. (1) $r=2,$ $N=0$
$\frac{-\pi\acute{\iota}}{2}B_{2,2}(z|\omega_{1}, \omega_{2})+\sum_{n=1}^{\infty}\frac{e^{2\pi inz1}}{n(1-e^{2\pi in\omega_{21}})}+\sum_{n=1}^{\infty}\frac{e^{2\pi inz_{2}}}{n(1-e^{2\pi in\omega_{12}})}$




$r=3,$ $N=0$ $\omega_{1}=1,$ $\omega_{2}=\tau,$ $\omega_{3}=\sigma\in \mathfrak{H}(\Im(\sigma)>\Im(\tau))$
[FV] ( ),
$\Gamma(z|\tau, \sigma):=\frac{\prod_{m,n=0}^{\infty}(,1-e^{2\pi i(-z+(m+1)\tau+(n+1)\sigma)})}{\prod_{mn=0}^{\infty}(1-e^{2\pi i(z+m\tau+n\sigma)})}$
$\Gamma(-\frac{z}{\sigma}|-\frac{1}{\sigma}, -\frac{\tau}{\sigma})=e^{\frac{\pii}{3}B_{3,3}(z|1,\tau,\sigma)}\Gamma(z|\tau, \sigma)\Gamma(\frac{\sigma-z}{\tau}|-\frac{1}{\tau}, \frac{\sigma}{\tau})^{-1}$
$r\in \mathbb{Z}_{\geq 2},$ $N=0$ [Nar] ([Nis]
)
(2) $r=2,$ $N\in \mathbb{Z}_{\geq 0}$ [I] (Lambert )
5.1
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5.2 Inversion formula for the Dedekind $\eta$-function and Ramanujan’s
formula
$\tau\in \mathfrak{H}$
Proposition 5.3. (1) (Inversion formula for the Dedekind $\eta$-function)
Dedekind $\eta$






$= \{\frac{1}{2}\zeta(2N+1)+\sum_{n=1}^{\infty}\frac{1e^{2\pi in\tau}}{n^{2N+1}1-e^{2\pi in\tau}}\}-\frac{1}{2}\frac{(2\pi i)^{2N+1}}{(2N+2)!}B_{2,2+2N}(0|\tau,1)$. (5.4)
$\zeta(s)$ Riemann
(3) (Inversion formula for the Eisenstein series/Lambert series)
$N\in \mathbb{N}$
$\sum_{n=1}^{\infty}\frac{n^{2N-1}e^{-2\pi in\frac{1}{\tau}}}{1-e^{-2\pi in\frac{1}{\tau}}}-\frac{B_{2N}}{4N}=\tau^{2N}\{\sum_{n=1}^{\infty}\frac{n^{2N-1}e^{2\pi in\tau}}{1-e^{2\pi in\tau}}-\frac{B_{2N}}{4N}\}-\frac{\tau}{4\pi i}\delta_{1,N}$ . (5.5)
$g(s, \tau)$
$g(s, \tau) :=\xi_{2}(s, \tau|e^{\pi i};\tau)-(e^{\pi}\frac{1}{\tau})^{s}\xi_{2}(s, -\frac{1}{\tau}e^{\pi};-\frac{1}{\tau})$ (5.6)
bilateral $g(s, \tau)$




Lemma 5.4. (1) $s\in \mathbb{C}$
$\zeta_{2}(s, \omega_{1}|\omega_{1},\omega_{2})-\zeta_{2}(s, \omega_{2}|\omega_{1}, \omega_{2})=(\omega_{1}^{-s}-\omega_{2}^{-s})\zeta(s)$ . (5.7)
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(2) $N\in \mathbb{N}$
$\lim_{\mathcal{S}arrow 2N}(1-e^{\pi is})\zeta_{2}(s, z|\omega_{1}, \omega_{2})=-\frac{\pi i}{\omega_{1}\omega_{2}}\delta_{1,N}$. (5.8)
$\delta_{1,N}$ Kronecker
Proposition 5.5. (1)
$\frac{\partial g}{\partial s}(0, \tau)=-\frac{\pi i}{4}+\frac{\pi\acute{\iota}}{12}(\tau+\frac{1}{\tau})+\frac{1}{2}\log\tau$. (5.9)
(2) $N\in \mathbb{N}$
$\frac{\partial g}{\partial s}(-2N, \tau)=\frac{\pi iB_{2,2+2N}(0|1,\tau)}{(2N+2)(2N+1)}+\frac{(-1)^{N}}{2}(\tau^{2N}-1)(2N)!(2\pi)^{-2N}\zeta(2N+1)$. (5.10)
(3) $N\in \mathbb{N}$
$g(2N, \tau)=(\tau^{-2N}-1)(-\frac{1}{2}\frac{B_{2N}}{(2N)!}(2\pi i)^{2N})+\frac{\pi i}{\tau}\delta_{1,N}$ . (5.11)
Proof. (1)(5.7) (3.6) $g(s, \tau)$ Barnes
$\frac{\partial g}{\partial s}(0, \tau)=\frac{\partial}{\partial s}\{\zeta_{2}(s, \tau|e^{\pi i}, \tau)-e^{\pi is}\zeta_{2}(s, e^{\pi i}|\tau, e^{\pi i})\}|_{s=0}$
$=- \pi i\zeta_{2}(0, e^{\pi i}|\tau, e^{\pi i})+\frac{\partial}{\partial s}\{\zeta_{2}(s, \tau|e^{\pi i}, \tau)-\zeta_{2}(s, e^{\pi i}|\tau, e^{\pi i})\}|_{s=0}$
$=- \pi\dot{\iota}\frac{B_{2,2}(e^{\pi i}|\tau,e^{\pi i})}{2!}+\frac{\partial}{\partial_{\mathcal{S}}}\{(\tau^{-s}-e^{-\pi is})\zeta(s)\}|_{s=0}$
$=- \frac{\pi i}{4}+\frac{\pi i}{12}(\tau+\frac{1}{\tau})+\frac{1}{2}\log\tau.$
(2)
$\frac{\partial g}{\partial s}(-2N, \tau)=-\pi i\zeta_{2}(-2N, e^{\pi i}|\tau, e^{\pi i})+\frac{\partial}{\partial s}\{\zeta_{2}(s, \tau|e^{\pi i}, \tau)-\zeta_{2}(s, e^{\pi i}|\tau, e^{\pi i})\}|_{s=-2N}$
$=- \pi.\frac{B_{2,2+2N}(e^{\pi i}|\tau,e^{\pi i})}{(2N+2)(2N+1)}+\frac{\partial}{\partial s}\{(\tau^{-s}-e^{-\pi is})\zeta(s)\}_{s=-2N}$







$g(2N, \tau)=\lim_{sarrow 2N}\{\zeta_{2}(s, \tau|e^{\pi i}, \tau)-e^{\pi is}\zeta_{2}(s, e^{\pi i}|\tau, e^{\pi i})\}$
$= \lim_{sarrow 2N}\{\zeta_{2}(s, \tau|e^{\pi i}, \tau)-\zeta_{2}(s, e^{\pi i}|\tau, e^{\pi i})\}+\lim_{sarrow 2N}(1-e^{\pi is})\zeta_{2}(\mathcal{S}, e^{\pi i}|\tau, e^{\pi i})$
$= \lim_{sarrow 2N}\{(\tau^{-s}-e^{-\pi is})\zeta(s)\}+\lim_{sarrow 2N}(1-e^{\piis})\zeta_{2}(s, e^{\pi i}|\tau, e^{\pi i})$
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